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WORD MAPS IN FINITE SIMPLE GROUPS
WILLIAM COCKE AND MENG-CHE “TURBO” HO
Abstract. Elements of the free group define interesting maps, known as word
maps, on groups. It was previously observed by Lubotzky that every subset of
a finite simple group that is closed under endomorphisms occurs as the image
of some word map. We improve upon this result by showing that the word
in question can be chosen to be in any v(Fn) provided that v is not a law
on the finite simple group in question. In addition, we provide an example of
a word w that witnesses the chirality of the Mathieu group M11. The paper
concludes by demonstrating that not every subset of a group closed under
endomorphisms occurs as the image of a word map.
1. Introduction
The image of various word maps in finite simple groups has been a topic of
considerable interest. Most famously the now-proved Ore conjecture asked whether
every element of a finite nonabelian simple group G is a commutator [LOST10].
Recently, for any finite nonabelian simple group G, it was shown that if N is the
product of two prime powers, then every element of G occurs as the product of two
N -powers in G [GLO+18].
A word w is an element of the free group w ∈ Fn = F〈x1, . . . , xn〉. For any
group G, the word w induces a map w : Gn → G, where
(g1, . . . , gn)→ w(g1, . . . , gn).
We write w for both the word w and the word map on G, and write w(G) to mean
the image w(Gn) of the word map. In general w(G) is not a group, but merely
a subset of G. We write 〈w(G)〉 for the group generated by w(G). We will also
write g to mean the tuple (g1, g2, · · · , gn). In the notation now established, the Ore
conjecture asked whether for every finite simple group G, the word w = [x, y] =
x−1y−1xy satisfies w(G) = G.
Word maps represent an interesting class of functions on groups. In general,
word maps are not homomorphisms, but they do respect automorphisms and en-
domorphisms of groups. Explicitly we have the following lemma.
Lemma 1. Let w ∈ Fn and G be a group. Then for any g ∈ G and ϕ : G→ G the
following holds.
ϕ (w(g)) = w
(
ϕ(g)
)
.
Hence w(G) is closed under all endomorphisms from G to G. In examining word
maps on finite simple groups, the question was asked at the conference ‘Words
and Growth’ (Jerusalem, June 2012) if every subset of a finite simple group that is
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closed under endomorphisms of G occurs as the image of some word map. Lubotzky
responded in the affirmative with the following theorem.
Theorem 2. [Lub14] Let G be a finite simple group, n > 1, and let A ⊆ G such
that A is closed under all endomorphisms of G, then there is a word w ∈ Fn such
that A = w(G).
In the current work we do two things: we extend Lubotzky’s result by showing
that the structure of w realizing A can be controlled in a very strong way; we also
show that there are groups G and A ⊂ G with A closed under endomorphisms such
that A is not w(G) for any w. As part of our generalization of Lubotzky’s result,
we provide a word w so that over G = M11, we have that w(G) is exactly one of the
conjugacy classes with representative of order 11. The explicit realization of such
a word provides a quick proof of observations by Gordeev et. al. [GKP18, 7.3-7.4].
Theorem A. Let G be a finite simple group, n > 1, and A ⊆ G such that A is
closed under automorphisms and 1 ∈ A. Assume that v ∈ Fn is not a law on G.
Then there is a word w ∈ 〈v(Fn)〉 such that A = w(G).
We note Theorem A shows that any subset of G that is closed under endomor-
phisms of G can occurs as the image of a word map w in v(Fn), it does not provide
a description of w. However, it is possible in some cases to explicitly find w. We
will show the following theorem which relates to the authors’ earlier work on the
chirality of groups [CH18].
The Mathieu Group M11 has two conjugacy classes of order 11 that are the
inverse of each other. We construct a word whose image picks out exactly one of
the conjugacy classes. Furthermore, although the word is long in word length, it is
short as a straight-line program.
Theorem B. Let G be the Mathieu Group M11 and let w be the word
[x−440(x−440)(y
−440)x−440, (y−440)(x
−440y−440)y−440].
Then w(G) contains an element g such that o(g) = 11 and g−1 /∈ w(G), i.e., the
word w witnesses the chirality of G.
In the case of a general group G, one might ask if being closed under endomor-
phisms of G is a sufficient condition for a subset A to be w(G) for some G. We will
show this is false in Section 3, even in the case of abelian groups.
Theorem C. Let G be the cyclic group of order 12. Then
A = {x2 : x ∈ G} ∪ {x3 : x ∈ G},
is closed under endomorphisms of G, but is not the image of any word map over
G.
2. Proof of Theorems A and B
Our proof of Theorem A will rely on work done on the varieties of groups.
Recall that a variety B is the class of all groups satisfying some set of laws X , i.e.
a group G is in B if and only if for every word w ∈ X and every n-tuple g ∈ G we
have that w(g) = 1. For example, the variety of abelian groups is defined by the
law w = x−1y−1xy. Similarly, solvable groups with derived length n or nilpotent
groups of class m are varieties.
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For a finite group G there are only finitely many word maps on G. Moreover, if
w and v are two word maps from Gn → G, then w · v is a word map from Gn → G
given by (w · v)(g) = w(g)v(g). Hence the set of word maps on n variables over G
forms a group Fn(G). We can equivalently define Fn(G) as follows.
Let K(G) be the set of all n-variable laws on G. Then K(G) is a characteristic
subgroup of Fn and Fn(G) = Fn/K(G).
The group Fn(G) is the free group of rank n in the variety generated by G.
In particular, any n-generated group in the variety generated by G occurs as a
quotient of Fn(G). In H. Neumann’s text Varieties of Groups, it is observed that
for a finite simple group G, we have
Fn(G) = G
d(n) × Fn(H)
where H is the direct product of all proper subgroups of G [Neu67, pg 141] and
d(n) is the number of orbits of Aut(G) acting on the generating n-tuples of G.
However, since this occurs without proof, we will prove a slightly weaker statement
below, which will be sufficient for our purposes. It is also the case that Gd(n) is
n-generated, but Gd(n)+1 is not [Hal36].
Lemma 3. Let G be a finite simple group. Then
Fn(G) = G
d(n) ×H,
for some group H.
Proof. Since a word map w respects endomorphisms of G, the map w is defined
by its value on a set of representatives of the diagonal action of the automorphism
groups of G on Gn. Moreover the number of possible values of w on an orbit
representative (g) is less than or equal to |〈g〉|, the size of the subgroup generated
by the orbit. There are exactly d(g) orbits of n-tuples corresponding to n-tuples
that generate G, and some number of other orbits.
Therefore Fn(G) is a subgroup of the direct product G
d(n)×K where K is some
direct product of proper subgroups of G. But, any group of rank n that satisfies
the same laws as G occurs as a quotient of Fn(G). Hence G
d(n) must occur as a
quotient of Fn(G). 
Before proving Theorem A, we need the following lemma which follows from the
work of Kantor and Guralnick, which depends heavily on the classification of finite
simple groups [GK00, Corollary p. 745].
Lemma 4. [GK00] For every nontrivial element g of a finite simple group G there
is an h ∈ G such that G = 〈g, h〉.
In particular, it is the case that for any finite simple group G, the number d(n)
is greater than the number of conjugacy classes of G.
Proof of Theorem A.. Since v is not a law on G, we know that 〈v(G)〉 = G. By
Lemma 3 we see that
〈v (Fn(G))〉 = 〈v(G
d(n))〉 × 〈v(H)〉 = Gd(n) × 〈v(H)〉,
for the appropriate group H .
Hence there is a word map w ∈ v((Fn(G)) that is defined by its value on the
generating tuples with a value from the group Gd(n)×v(H). Given A, we can write
A as a union of m ≤ d(n) automorphism classes. There is a w so that onm different
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orbits of generating tuples of G, the value of w is one of the distinct automorphism
classes in A and w vanishes elsewhere.
Now we need to find a word in 〈v(Fn)〉 such that it induces the word map w on
G. Consider the word maps induced by the words x1, · · · , xn. These word maps
generate Fn(G). Since w ∈ 〈v(Fn(G))〉, we can write w as product of elements of
the form v(u1, · · · , un) such that each uj is a product of x1, · · · , xn. Consider this
spelling of w in x1, · · · , xn as an element in Fn = F(x1, · · · , xn), we get a word in
〈v(Fn)〉 that induces the word map w on G, which has image being A. 
We will find a commutator word below that realizes an interesting property of
the Mathieu group of order 7920.
In [CH19] the authors were interested in finding chiral word maps w, i.e. for
some group G we have that g ∈ w(G) but g−1 /∈ w(G). Gordeev et. al. call the pair
(G,w) a chiral pair [GKP18]. They note that for groups known to be chiral, it is not
always easy to produce a chiral pair, or witness of the chirality. For example, the
Mathieu group of order 7920, G = M11, is chiral as a result of Lubotzky’s theorem
or Theorem A, but the only bound one has on the length of a w in a chiral pair
(G,w) is the number of word maps over M11, somewhere around 1.7× 10
244552995.
Below, we provide a word w that has length 9680 and witnesses the chirality of G.
We will now show that the word
w = [x−440(x−440)(y
−440)x−440, (y−440)(x
−440y−440)y−440]
witnesses the chirality of the Mathieu Group M11.
Proof of Theorem B.. All elements of M11 have order either 1, 2, 3, 4, 5, 6, 8, or
11. For an element g of M11 we have
g−440 =


1 if o(g) /∈ {3, 6},
g if o(g) = 3,
g4 if o(g) = 6.
If a ∈ G does not have order 3 or 6, then w(a, b) = w(1, b) = 1 for all a ∈ G,
since w is a commutator. Similarly, if b ∈ G does not have order 3 or 6, then
w(a, b) = w(a, 1) = 1 for all a ∈ G. Moreover, w(a, b) = w(a4, b4) for all a, b ∈ G.
Hence to determine w(G) we need to determine w(a, b) where both a and b have
order 3. There are 93600 such tuples from G. Let X = {a ∈ G : o(a) = 3.}
Let v = [x(xy)x, y(xy)y]. Using Magma it is easy to compute the value of w on
all a, b ∈ X , by noting that w(a, b) = v(a, b) [BCP97]. Computing the value of
w(a, b) for all a, b ∈ X , there are elements of order 1,2,4,5,6, and 11. However, all
of the elements of order 11 that occur in the image of w are conjugate. For g ∈ M11
with o(g) = 11 we have that g−1 /∈ gG. We conclude that w witnesses the chirality
of M11. 
We note that w has length equal to 9680 =(440)(22), and is much shorter as a
straight-line program.
3. Proof of Theorem C
Recall that any word w(x1, . . . , xn) can be written in the form
w = xk11 . . . x
kn
n v(x1, . . . , xn), where v ∈ F
′
n.
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By applying Nielson transformations to w, we see that w is automorphic to a
word w′ = xk1c where k is gcd(k1, . . . , kn) and c ∈ F
′
n. Moreover, w is a law on
a group G if and only if w′ is a law on G. Since automorphic words have the
same image over a group G, we see that w(G) = w′(G). Hence for a finite abelian
group the only images of word maps are exactly the images of the power maps, e.g.,
{xk : x ∈ G} for some k. We now prove Theorem C showing that not every subset
of a group G that is closed under endomorphisms occurs as word map.
Proof of Theorem C.. Let G = 〈a|a12〉 be the cyclic group of order 12, then the
images of the power maps in G are exactly
1 = {x12}, G = {x1}, {1, a2, a4, a6, a8, a10} = {x2}, {1, a3, a6, a9} = {x3}
{1, a4, a8} = {x4}, {1, a6} = {x6}.
Any union of subsets closed under endomorphisms is closed under endomor-
phisms. However, there is no power map, equivalently no word map, that has the
set {1, a2, a3, a4, a6, a8, a9, a10} as its image. 
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